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mined immediately for two cases:

Case I:
IfL(p) <0 then x* = p, (11)
Case 1L
IfL(p,) =20 then x* = p, (12)
Because L” < 0, case I corresponds to a constrained global
maximum of L at x =p, and the desired constrained global
minimum at x = p,. The necessary conditions of Eq. (9) are
satisfied by 4, =0 and 4, = —L’(p,) 2 0. Case II represents a
constrained global maximum at x = p, and the desired con-
strained global minimum at x = p;. The necessary conditions
are satisfied by 4, =0 and 4, = L'(p,) 2 0.
The condition of Eq. (11) for case I can be stated explicitly
using the expression for L’ in Eq. (10) as

Ksczzna+(1+2)pl (13)
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where o = (m,/m,)/(c,/c;). Note that when p, =0, ie., K is
sufficiently small that the propellant mass fraction constraint
of vehicle 1 is inactive, Eq. (13) can be satisfied only if « > 1.
The condition of Eq. (12) for case II requires that

KZczfnozq‘-(l-i-%)pz (14)
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Note that when p, =K, i.e., K is sufficiently small that the
propellant mass fraction constraint of vehicle 2 is inactive, Eq.
(14) can be satisfied only if o < 1.

Besides cases I and 11, the only other possible situation is
Case III, for which L’(p,) > 0 and L’(p,) < 0. In this case one
solution to the necessary conditions of Eq. (9) is 4,=4,=0
(both constraints inactive) and L'(x*) = 0. However, because
L” <0, this stationary value is a global maximum solution
which must be discarded. The desired solution is one of the
two constrained minima which exist at x =p, and p,, for
which the respective solutions to the necessary conditions are
A,=0 along with 4, =L'(p;) 20 and A, =0 along with
Ay = —L’(p,) 20. Whichever local minimum provides the
smaller value of L is the global constrained minimum.

1. Numerical Examples

The four numerical examples that follow illustrate the
variety and complexity of the optimal solutions. In all of the
examples, m,/m; = 1.5 and c,/c; = 1.25, resulting in a =1.2.
In the first example, K/c, =0.2 with the propellant mass
fractions given by B, = 0.3 and 8, = 0.2. Because the required
velocity change K is sufficiently small, p, =0 and p,=K in
Eq. (7) and the condition of Eq. (11) representing case I is
satisfied. Thus, x* = K is the constrained optimal solution,
indicating that AV, =K and AV, =0. All of the velocity
change is made by vehicle 1, which has both the smaller mass
and a smaller exhaust velocity.

As a second example, consider the large velocity change
K/c; =1 along with the mass fraction constraints f; =0.65
and B, =0.52. In this case, the mass fraction constraint of
vehicle 2 is active and p, = K — a, = 0.0825¢, in Eq. (7). The
value of p, is K, because the mass fraction constraint of
vehicle 1 is inactive. Because L’(p,) >0 and L’(p,) <0, this
represents case III, and a direct comparison of the cost yields
x* = p, =K, indicating AV, =K and AV, =0.

In the third example, K/c, = 0.8 and f, = §,=0.5. In this
case, p; =0 and p, =a, =0.693¢, because only the vehicle 2
mass fraction constraint is active. This is an example of case
III for which the optimal solution is x* = 0.693¢,, indicating
that both vehicles provide velocity change: AV, = 0.693¢,, and
AV, =0.107¢,. v

The fourth and final example is the same as the second
example except that B, = 0.3 rather than 0.65. This has the
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effect of making both propellant mass fraction constraints
active. This effect automatically requires both vehicles to
provide velocity change because neither has enough propel-
lant to perform the total maneuver. When the costs of the two
constrained local minima are compared for this case III
solution, the optimal solution is x* =p, =0.0825¢,. Thus,
AV, =0.0825¢, and AV,=09175¢;, which is a surprising
result compared to the second example. In that example,
vehicle 2 did not have enough propellant to perform the
rendezvous and vehicle 1 provided the total velocity change.
When neither vehicle has enough propellant to perform the
rendezvous, the optimal solution requires that vehicle 2 pro-
vides over 90% of the velocity change.

The explanation of this apparent paradox lies in the fact
that in the fourth example, vehicle 2 was forced to provide
part of the velocity change because vehicle 1 did not have
enough propellant. The mass decrease of vehicle 2 incurred in
making up the velocity change deficit of vehicle 1 is enough to
make vehicle 2 the more propellant-efficient vehicle of the
two. It is therefore optimal to have vehicle 2 make up the
entire deficit velocity change of vehicle 1.

IV. Concluding Remarks

The apparently simple problem of optimal cooperative
rendezvous of two active space vehicles yiélds solutions which
are interesting due to their complexity. If neither propellant
mass fraction constraint is active, one vehicle provides all of
the required velocity change. If both mass fraction constraints
are active, there are two possibilities: both vehicles provide
velocity change, or, if the required velocity change is too
large, no solution exists. In the case of one active propellant
mass constraint, the optimal solution can require either one or
both vehicles to provide velocity change.

Acknowledgment

This research was supported by NASA Research Grant
NAG 3-805 sponsored by the NASA Lewis Research Center.

Reference

IBryson, A. E., Jr. and Ho, Y-C, Applied Optimal Control, Hemi-
sphere, Washington, DC, 1975, Chap. 1.

Sequential Design of Discrete
Linear Quadratic Regulators
via Optimal Root-Locus
Techniques

Sekar Ganesan* and Leang S. Shieht
University of Houston, Houston, Texas
and
Robert E. Yates}
U.S. Army Missile Command, Redstone, Alabama

I. Introduction

HE asymptotic behavior of the optimal root-loci
(frequency-domain approach) of linear time-invariant
continuous-time control systems has been discussed by
Chang' and Kalman? for the single-input case, and the multi-
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input case has been dealt with by Tyler and Tuteur,” Kwaker-
naak and Sivan,* Kwakernaak,® Kouvaritakis,® Harvey and
Stein,” and Grimble.® Many useful results regarding the
asymptotic behavior of the poles and zeros of the open-loop
system and those of the optimally regulated closed-loop sys-
tem have been obtained. However, very few methods deal
with the inverse optimal control problem. Pal and Mahalan-
abis® proposed. an optimal feedback controller with specified
relative stability for single-input systems based on the fre-
quency-domain optimality condition. Recently, Harvey and
Stein’ have developed procedures for selecting the weighting
matrices based on the asymptotic properties of the desired
state regulator, whereas Grimble® has considered the design of

optimal output regulators using multivariable root-loci in the
complex s plane.

The discrete-time counterpart of this optimal control prob-
lem, based on the asymptotic properties introduced by
Letov!® and Chang,'! has also been dealt with by Kwaker-
naak® and Lewis.!! But again, unlike the time-domain optimal
pole placement problem, the frequency-domain discrete linear
quadratic regulator problem with desirable pole placement in
the complex z plane has received very little attention.

In this Note, we present a sequential design method for
determining the quadratic weighting matrices and state feed-
back regulators for discrete-time systems with the help of
optimal root-locus techniques. The closed-loop system is de-
signed so that it may retain some stable open-loop poles and
the associated open-loop eigenvectors. The remaining closed-
loop poles can be optimally placed at desired locations and/or
specified regions of the complex z plane.

II. Optimal State Feedback Gain and
Closed-Loop Eigensystem

Consider the stabilizable and detectable linear time-invari-
ant discrete system

x(k + 1) = Ax(k) + Bu(k) (D

and the quadratic performance index

J= % [ 2. xT(DHOx() + uT(i)Ru(i)] 2
i=0

where x(k) and u(k) are n x 1 state vector and m x 1 input

vector, respectively, and 4 and B are constant matrices of

appropriate dimensions. Also, the weighting matrices Q and R

are nonnegative definite and positive definite symmetric ma-

trices, respectively.

Let the eigenspectrum of the open-loop system matrix of 4
be 6(A4) = {4,i = 1,...n}. It is well known*!! that the perfor-
mance index in Eq. (2) is minimized if the feedback control
law is chosen as

u(k) = —(BTPB + R) “'BTPAx(k) + r(k) & — Kx(k) + r(k)
(3)

where r(k) is an m x 1 reference input and the optimal state
feedback gain is K. Also, P is the unique nonnegative definite
solution of the discrete Riccati equation

P=AT[P — PB(BTPB + R)~'BTP|A + Q (4)
The resulting closed-loop system becomes
x(k + 1) = A x(k) + Br(k) (5)

where the closed-loop system matrix 4, = 4 — BK. Since it is
assumed that the open-loop system in Eq. (1) satisfies the
stabilizability and detectability conditions, the closed-loop
system in Eq. (5) is asymptotically stable, i.e., the eigenvalues
of A, given by o(4,) = {a,i =1,...,n} are located inside the
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unit circle. The design method presented in this Note is based
on the Chang-Letov equation!!

A(z7YA(2) = |HT(z")QH(z) + R|A(z ~HA(2)
x |BTPB + R|~" (6)

where A(z) and A(z)(=|z, —A|) are the closed-loop and
open-loop characteristic polynomials, respectively, and |(.)|
represents the determinant of (). H(z) in Eq. (6) is the
open-loop transfer function matrix of the autonomous part of
the system in Eq. (1), ie., H(z) = (zl, — 4) "'B & N(2)/A(2),
where N(z) =adj(zl, — A)B. Note that H(z), N(z) and the
open-loop characteristic polynomial A(z) can be computed!?
given the plant in Eq. (1). In the following, some relations
between the optimal state feedback gain K, the optimal
closed-loop eigenvalues «;, and the corresponding closed-loop
eigenvectors £; and the weighting matrix Q are described.

Lemma 1'3: Consider the open-loop system in Eq. (1) with
the eigenvalues \;,i =1,...,n, and performance index in Eq.
(2). Also, let the optimal closed-loop system in Eq. (5) have
eigenvalues a,i = 1,..,n, with «; #a; (i #/), o, # 4, and the
corresponding eigenvectors &, Then, the optimal state feed-
back gain K is given by

K= _[plr"’pn][éla-"’én]‘1 (73)

where

pi=A()w; and & = N(a)w, (7b)

and w; is any nonzero vector satisfying
[A(i HRA(@) + N7(a ;7 HON (@)W, =0, (79

Lemma 2: Let the model matrix M of the system matrix 4
in Eq. (1) ‘be decomposed into two block eigenvectors, i.e.,
M=[M_,M,), with M, 2[M,. .M ] and M, &2 [M,..,
Ml The column vectors M7 (i=1,...,n") and M7 (i=
1,..n ") are the eigenvectors associated with the eigenvalues
AT (@ =1,..,n7)yand A;" (i =1,..,n™T), respectively, with n =
n~+n*. The open-loop eigenvalues could be simple or
repeated and the corresponding eigenvectors would be deter-
mined appropriately. Also, let A7 and M be the stable
open-loop eigenvalues and the associated eigenvectors, respec-
tively, that need to be kept invariant in the closed-loop system
[Eq. (5)}, ie., ;=47 and & =M for i=1,...,n~, where «;
and &, are the eigenvalues and the associated eigenvectors of
the closed-loop system. Now, if a Q matrix is constructed such
that

oM. =0,,.,i=1..n or null(Q) =span(M,...M )

(8a)
then the optimal state feedback gain K in Eq. (7a) becomes

K= _[Om x la“"om x 13Pn— + la'-'pn]
XM M sG] 7! (8b)

and the optimal closed-loop system in Eq. (5) contains the
invariant eigenvalues A7 and their associated eigenvectors
Tfori=1,.,n"
Proof For l ;é /i (i #Jj), we can write

(AL, — A)yadj(A;7 I, — A) = AAHI, -0 (9a)
Thus, the eigenvector M of A4 associated with A7 is a
nonzero column vector or a linear combination of the column
vectors of adj(4; 1, — 4) for 1,7 # A;". Also, from Egs. (7b)
and (9a), we have

& =NUA I, =adj(A; I, — A)Bw,=M; for i=1,..n"
(9b)
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Furthermore, from Egs. (7c) and (9b), we obtain

H}_)mz;) + NT<IE)QN<A;)]W,- =01 ()

or
N \ongim, = N7( - Yoz, = N
i’_ I 1 if 1

Hence, if we choose Q such that Q&, = OM; =0, . ,, then w;
can be any nonzero vector. Since, p; = A(x)w; = A(A;)w;
=0,,, from Eq. (7b), the optimal feedback gain K can be
written as given in Eq. (8b). Thus, the closed-loop system in
Eq. (5) obtained using the state feedback gain X in Eq. (8b)
retains the eigenvalues A7 and the associated eigenvectors
M fori=1,.,n~. When A7 = 1;7, the above result can be
proved in a similar manner.

Lemma 3: Let M be the modal matrix of 4 defined in
Lemma 2 and let the inverse of M be given by M~!=
M M, 2[MTM7)7, where M _eR"*"", M,eR">"",
M, eR" *n and M, €R"* *"_Then the desired Q matrix that
satlsﬁed Eq (8a) becomes

( )QM Om x 1

(5d)

Q =qMIDM, (10)

where ¢ is a positive scalar and Disann* xn™*
definite symmetric matrix.

_Proof: Since M~ IM=1I, it can be easily seen that
MM, =0,.,_. Thus, we have OM,=qgMTDM M, =

nxn—r

nonnegative

III. Discrete LQR in the Frequency Domain

Theorem: Consider the discrete multivariable system given
in Eq. (1) [its transfer function matrix H(z)] and the associ-
ated performance index in Eq. (2). Let 1, and M;
(i=1,...,n7) be the stable open-loop ecigenvalues and the
eigenvectors that are to be retained in the closed-loop system
in Eq. (5). The remaining eigenvalues and eigenvectors of the
closed-loop system are defined as A and M (i=
L,...nt, n* =n—n"), respectively. Let the modal matrix M
of A4 be decomposed into. block eigenvectors as defined in
Lemma 2 and let M ~! be composed of block vectors M, and
My. Also, let the weighting matrices for the performance
index in Eq. (2) be R =rR (R > 0) and Q, as in Eq. (10), with
D =dd”, where deR"" *! is an arbitrary nonzero column
vector and » and ¢ are two positive scalars to be determined.
The optimal closed-loop eigenvalues can be determined from
the root-loci of the following equation, with the scalar gain
g/r as a variable

Az7HAL) =[AZTHAR) + @/NBEBTz~HW  (11a)
where
B2)BT(z ") =[d"M,N()R ~2|[d"M,N(z - )R~'*|T (11b)

and W =[I,,+ R—'BTPB|~!. Note that though W involves
P, the solution of the discrete Riccati equation in Eq. (4) is a
constant and can be neglected since it does not affect the
determination of the roots of the closed-loop characteristic
polynomial A(z). The vector d can be chosen to fix some
virtual open-loop zeros that are the finite asymptotic poles of
a virtual closed-loop system as g/r — oo, so that the optimal
closed-loop poles can be placed in desired positions in the
complex z plane.
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Proof: From Eq. (6), we have

ALz AL = Az THAQIL, + (g/NR™PHT(z 7Y

x MTdd"M H(z)R 7|
=AGz"YA@) + (g/Nd"MN(ER )
x [d"MN(z~HR~1T
=Az"HAE) +@/NBE@BTEY (12)

When (g/r) —~ oo, the stable zeros of f(z)B7(z ~*!) are the zeros

o of Az), i.e., the finite asymptotic poles of the closed-loop
- system. Hence, by assigning the vector d appropriately, the

stable zeros of B(z)B7(z~") can be placed at some desired
locations in the complex z plane. Then, g and r can be chosen
so that the final closed-loop poles of the system are in
desirable regions. Sometimes, it might be possible to assign
the closed-loop poles exactly.

Remark 1: For sequential design, the weighting matrix R
has to be updated as R;, ; = R, + BTP,B'* at each step, so as
to render the final closed-loop system optimal with respect to
R, and the summation of all Q,.

Sequential Design Procedure

Step I: Let the given discrete muitivariable system be as in
Eq. (1), with H(z) being its transfer function matrix. Set an
index j=1. Specify R and let R=R, ie, r=1. Also, set
Q=0,and K=0,,,.

Step 2: Let A7 ,i=1,..,n~ be the eigenvalues to be kept
invariant at this stage and also let the variant eigenvalues be
Afi=1,.,a%, with n=n"+n". Find the block vector
M eR”+ xn , from the i mverse of the modal matrix M (of A).

Step 3 As31gn the n* x 1 column vector 4 to determine the
desired zeros of Eq. (11b). Draw the root-loci of Eq. (11a)
with g as the variable and then select a suitable ¢ so that a
desired. set of closed-loop poles o; can be obtained. Compute
the weighting matrix Q = gMTdd TM and then determine the
feedback gain K from Eq. (8b) or from the solution of the
discrete Riccati equation in Eq. (4).

Step 4: Update H(2):=H(2)ll,, + KH(?)] "', A:=4 — BK,
R:=R+B"PB, =0 +0, and K=K+ K. Set j:=j+1.
Now, if all the optimal closed-loop eigenvalues have been
determined, or if j =L <n, go to step 5; else, go to step 2.

Step 5: The final closed-loop system is 4 with its total
optimal feedback gain being K. This gain is optimal with
respect to the performance index in Eq. (2) for the weighting
matrices @ =0 and R = R,

IV. Tlustrative Example
Consider the discrete system in Eq. (1) with

-02 0 14 0 0
A=|-06 04 14} B=i-—1 0 (13)
—-08 01 12 1 -1

Then

H(z) = N(2)/A(2)

1 1.4(z — 0.5) —1.4(z — 0.4)
TA@)| -2 424z —-144 —14(z—04)
z2—0.3z - 0.1 —2z24+0.2z +0.08
(14)
and A(z) = (z — 1)z — A,)(z — 43), with 2, =04 and A, =

0.5 +70.7. The objective is to keep the eigenvalue at 0.4
invariant and move the complex conjugate pair to desirable
locations on the positive real axis. This will result in a stable
closed-loop system devoid of any oscillating modes.
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Following the design procedure, we let j = 1. The input
weighting matrix is specified as R = R = diag [3,1]. According
to our notation, (4;7) = 0.4 and (1;5) =0.5 +0.7. From the
inverse of the block modal matrix M, we obtain

—0.0112 —0.28:| (15)

. [01712
»710.1584 —0.0384  0.04

To relocate the poles 4,3 on the positive real axis, we choose
the column vector d as d =[1,0]7, so that the asymptotic poles
of the closed-loop system tend to 0 and 0.6225 as g — o0, i.e.,

B(2)BT(z = 1) =0.103(z — 0.4)z ~ ' — 0.4)
x (z —0.6225)(z ~ ' — 0.6225)

Selecting ¢ = 60, the variant closed-loop poles become
o, =0.215 and a5 = 0.45. The state weighting matrix. Q is

176 —0.115 —2.88
Q =gM7dd™M, =| —0.115  0.0075  0.19| (16)
—2.88 0.19 47

For the closed-loop eigenvalue «, = 0.215, the vectors p, and
&, are p, =[—0.312,1]7 and &, =[-3.627,—-5.312,—1.075]7.
‘Similarly, for o;=0.45 we have p;=[-0.3,117 and
&3 =[-2.0,4.0,—0.925]7. Thus, from Eq. (8b), the state feed-
back gain K becomes

—0.15 0.023 0.1
K= _[OZX 1,P2,93][M1_,fz,f3]_’ =|: :|

0.466 —0.077 —0.26
(17)

where M =[1.4,6.4,0.6]7. Note that this feedback gain can
also be obtained by solving the discrete Riccati equation in
Eq. (4), with (4,B) and (Q,R). The optimal closed-loop
system is

-02 0 1.4
A=A-BK=|-075 0423 15 (18)
—0.184 0 0.84

with its eigenvalues being o(4,) = {0.215,0.4,0.45}. The final
closed-loop system has positive real eigenvalues at desired
locations and it is optimal with respect to the performance
index in Eq. (2) for (Q,R).

V. Conclusion

A sequential method that uses the classical root-locus tech-
niques has been developed to determine the quadratic weight-
ing matrices and the discrete linear quadratic regulators of
multivariable control systems. In this proposed approach, at
each recursive step, an intermediate unity rank state-weighting
matrix containing some invariant eigenvectors of that open-
loop system matrix is assigned. Also, at each step, an inter-
mediate characteristic equation of the closed-loop system
containing the invariant eigenvalues is created. In order to
control the movement of the root-loci and choose desirable
closed-loop poles, some virtual finite open-loop zeros are
assigned to this characteristic equation. The designed optimal
closed-loop system thus would retain some stable open-loop
poles and have the remaining poles optimally placed at de-
sired locations in the complex z plane.
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Problem of the Dynamics of
a Cantilever Beam Attached
to a Moving Base
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Introduction

N a recent article in this journal, Kane et al.! formulated a

comprehensive theory of a cantilever beam mounted on a
moving support. They took into account the stretch, bending
in two principal directions, shear deformations, and warping
of the beam. The formulation is based on a method that has
been attributed to Kane. Kane’s method,? which is closely
related to Gibbs’ method, provides a systematic procedure and
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